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$P$ , . $n\geqq 1$ , $\mu_{p^{n}}$ 1 $p^{n}$
, $\mu_{P}\infty=\bigcup_{n}\mu_{p^{n}}$ . $\mathbb{Q}_{\infty}$. $\mathbb{Q}(\mu_{p}\infty)$ $\mathbb{Q}$ Galois $\mathbb{Z}_{P}$
– . $I\mathrm{t}’$ . $IC_{\infty}=K\mathbb{Q}_{\infty}$ ( $\mathbb{Z}_{p}$- ). $n\geqq 0$
, $I\mathrm{f}_{n}$ $I\mathrm{f}_{\infty}/K$ $[I\mathrm{f}_{n} : K]=p^{n}$ – .
$Ic=Ic0\subset Ic_{1}\subset IC_{2}\subset\cdot\cdot.\cdot\subset I\acute{\iota}_{\infty}$ , $\bigcup_{n}I\zeta_{n}=K_{\infty}$ .
, $I\mathrm{t}_{n}’$ $n$
. , $P$ $L$ .
([Wa] Chap. 13, 15 )
..
.
1 (“Selmer ”) (“$p$ $L$ ”) , “
” .
Mazur ([Maz], [Manl]). If
, $E$ $K$ . $E$ $P$ good ordinary
reduction . $E$ Selmer
. ( \S 7 ). $\mathrm{S}\mathrm{e}1_{p^{\infty}}(E/K_{\infty})$
Pontrjagin dual $X_{E/K}$ ( \S 7.2) . $\mathrm{G}\mathrm{a}1(I\mathrm{t}^{\Gamma}\infty/I\mathrm{t}’)$ ,
“characteristic ideal” $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{Z}p}[[T]](\chi_{E/K})$ , $\mathbb{Z}_{p}[[T||$
.
.
, $p$ $L$ , $K$ $E$ $\mathbb{Q}$ modular
, Mazur and Swinnerton-Dyer [M-SD] .
$\mathbb{Z}_{p}[[T]]$ . ( /Ii\acute (T) . \S 3 \S 4.1.) $E$
Hasse-Weil $L$ 1 $P$ ( 3.1
). ..
$p$ $L$ , “ ” (\S 7.3
). , $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{Z}_{\mathrm{p}}}[[T]](x_{E}/K)$ /K(T) –
. .
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, 1 $\lambda,$ $\mu$ . $\mathfrak{X}_{E/K}$
$\lambda,$
$\mu$ $\lambda_{E/,/K}K\mu_{E}$ (\S 7.2). , $P$ $L$ $fE/K(T)$
$\lambda,$
$\mu$
$\lambda_{E/R^{r}}^{p-L},$ $\mu_{E/h’}^{p-L}$ (\S 4.1) . ,
$\lambda_{E/R}K=\lambda_{E/}^{p-}L,,pL\mu_{E/}K=\mu_{E^{-}}/R$’ (\S 7.3).
. $L$ If Galois , $[L:K]$ $P$
(p- ).
$\mathfrak{X}_{E/K}$ , $L$ E/L . $\lambda_{E/L}$
. – , $\lambda_{E/L}$ $\lambda_{E/K}$ ( 81).
.
$\lambda_{E/L}=[L_{\infty} : \mathrm{A}_{\infty}’]\lambda E/K+.\sum_{lw\cdot spit}(eL_{\infty/}K\infty(w)-1)+2..\sum(e_{L\infty/}K_{\infty}(w)-1)w_{\mathit{9}^{OO}}d$
.
$e_{L_{\infty/K_{\infty}}}(w)$ , $w$ $L_{\infty}$ $E$ split multiplicative
reduction , 2 $w$ $L_{\infty}$ $p$ $E$ good reduction
, .
, $L,$ $K$ $E$ $\mathbb{Q}$ modular $P$ $L$ /L(T),
$fE/K(T)$ , $\lambda_{E/L}^{pL}-$ $\lambda_{E/R^{r}}^{\mathrm{p}-L}$ . – $\lambda_{E/L}^{pL}-$ $\lambda_{E/K}^{pL}-$
( 4.1, ).







$I\mathrm{t}’$ CM . $I\mathrm{f}_{+}$ $I\acute{\mathrm{t}}$ . $A(I\zeta_{n})$ $I\mathrm{t}_{n}’$
$p$-part . norm map $X_{K}:= \lim_{arrow}A(I\zeta_{n})$ (
xE/ ). X , $\pm 1$ $X_{R’}^{\pm}$
, $X_{K}=X_{R}^{+}’\oplus X_{R’}^{-}$ . $X_{R^{r}}^{-}$ . $X_{R’}^{-}$
$\lambda_{R’}^{-},.\mu_{\overline{R}}’\in \mathbb{Z}$ ([Wa], p. 286). $\mu_{\overline{R}’}=0$ $\mathbb{Z}_{p}$-module
, ([Wa] Cor. 1329):
(1.1) $X_{K}^{-\cong}(\mathbb{Z}_{p})^{\lambda_{I\mathrm{t}}^{-}}’$ .
1.1 $([\mathrm{K}\mathrm{i}])$ . $L/K$ Galois $P$- , CM . If
$\mu_{p}$ . $\mu_{\overline{R}’}=$. $0$ . $\mu_{L}^{-}=0$
$2 \lambda_{L}^{-}-2=[L_{\infty} : I4_{\infty}]’(2\lambda-\prime R-2)+\sum(e_{L_{\infty}}/K\infty(w)-1)w$
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. $e_{L_{\infty}/K_{\infty}}(w)$ , $w$ $L_{\infty}$ $p$ , $L_{\infty}/L_{+\infty}$
split .
. $X_{\mathrm{A}’}^{-}$ Jacobian
Tate module $([\mathrm{I}\mathrm{w}1])$ . (1.1) $\lambda_{R’}^{-}$ genus ( 2 )
, 1.1 Riemann-Hurwitz genus .
, $P$ $L$ , , $P$ $\zeta$ $\zeta_{h’}+,p(s)$ , $IC_{+}$
Dedekind $\zeta$ $p$ ( -Leopoldt,
Deligne-Ribet). , $g_{K}+(T)\in \mathbb{Z}_{p}[[T]]$ , $u\in \mathbb{Z}_{p}^{\cross}$ ,
$\zeta_{R^{\prime(_{S})\prime}}+,p=g\tau_{\mathrm{i}}+(u^{S}-1)/(u^{S}-1)$
( , Deligne-Ribet, cf. [Wil] Sect. I). $f_{E/K}(T)$
. $fE/K(T)$ , $\lambda,$ $\mu$ .
$I\acute{\mathrm{t}}$ 1.1 $\not\in$) , $g_{R}\cdot+(T)$ $X_{K}^{-}$ . $X_{K}^{-}$
$\mathrm{G}\mathrm{a}1(IC_{\infty}/K)$ , $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathbb{Z}p}[[T]](x_{K}-)$ $\mathbb{Z}_{p}[[\tau 1|$
(\S 7.1 ). $g_{K}+(T)$ –
( , Mazur-Wiles, Wiles [Wil] $\mathrm{T}\mathrm{h}’ \mathrm{m}1.2,1.4$ ).
$g_{R}\cdot+(T)$ $\lambda,$ $\mu$ $\lambda_{R^{r}}^{-},$ $\mu_{\overline{R}}-$ – . 1.1
, Gras, Sinnott $P$ $L$ 1.1
([Si]). 4.1 .
Part I $P$ $L$ , Part II Selmer
.
Part I . \S 2 $p$ $L$ modular symbol
. \S 3 $P$ $L$ . \S 4 $f_{E/K}(T)$
, $\lambda,$ $\mu$ , ( 4.1) . \S 5
. \S 6 . Part II .
\S 7 Selmer , $P$ $L$ ( )
. , $\lambda,$ $\mu$ . \S 8 ( 8.1) . \S 9
. \S 10 remark .
, Part I , Part II .
Part I. $p$ $L$
2. Hasse-Weil $L$ modular symbol
$E$ $\mathbb{Q}$ modular . Hecke eigen normalized newform
$f(z)= \sum_{n}aen2\pi i\mathcal{Z}(a_{n}\in \mathbb{Z})$ , level $N$ . $E$ $L$
$L(E, s)= \sum_{n}ann^{-s}$
s\in C , $s=1$




, ([Kna] $\mathrm{T}\mathrm{h}’ \mathrm{m}12.2$ ). , $\psi$ Gauss
$\tau(\psi):=\sum_{/a\in \mathbb{Z}m}\psi(a)\zeta_{m}^{a}$
( $m$ $\psi$ conductor). , $\mathrm{s}\mathrm{g}\mathrm{n}(\psi)$ $\psi(-1)$ $(\pm)$ .
$H_{1}(E(\mathbb{C}), \mathbb{Z})$ , $\pm 1$ $H_{1}(E(\mathbb{C}), \mathbb{Z})\pm$






$)$ $\mathbb{Q}$ $\psi$ ) ([Man2] \S 4, \S 5).
2.1. modular symbol . (2.1) “modular symbol” $\mathrm{E}$ modular
$x_{E}^{\pm}$ : $\mathbb{Q}\cup\{i\infty\}arrow \mathbb{Q}$
(Manin, [Man2]). $x_{E}^{\pm}$ :
$\int_{0}^{\eta}-2\pi if(_{Z})dz=x\eta\Omega^{+}+EX_{E}-(\eta)+E()\Omega^{-}E$ .
, , $L$ 1
(2.2) $\{$
$\frac{L(E,1)}{\Omega_{E}^{+}}=x_{E}^{+}(i\infty)$ ,
$\frac{m}{\tau(\psi)}\frac{L(E,\psi,1)}{\Omega_{E}^{\mathrm{s}\mathrm{g}\mathrm{n}\mathrm{t}^{\psi)}}}=\sum_{/a\in \mathbb{Z}m}x_{E}^{\mathrm{s}\mathrm{g}}(\mathrm{n}\mathrm{t}^{\psi})\frac{a}{m})\overline{\psi}(a)$ (if $\psi\neq 1$ )
(cf. [Man2] \S 4,Th’m 4.2, \S 5, $\mathrm{T}\mathrm{h}’ \mathrm{m}5.5$ ). ,
Hecke (cf. [Man2] \S 3 $\mathrm{T}\mathrm{h}’ \mathrm{m}3.5$). $l$ .
(23) $\{$
$a_{l}x_{E}^{\pm}( \eta)=X_{E}^{\pm}(\iota\eta)+\sum_{k=0}(\iota-1X^{\pm}E(\frac{\eta+k}{l})-x_{E}(\pm\frac{k}{l}))$ ( $l\{N$ ),
$a_{l^{X_{E(}^{\pm}}} \eta)=\sum_{k=0}^{\iota 1}-(XE\pm(\frac{\eta+k}{l})-x_{E}^{\pm}(\frac{k}{l}))$ ( $l|N$ ).
$x_{E}^{\pm}(\eta)$ : $\Gamma_{0}(N)\backslash SL_{2}(\mathbb{Z})$ ( ) $j$
$\xi^{\pm}(j):=X(\pm E\frac{a}{b})-x_{E}(\pm\frac{c}{d})$ $(\text{ _{}j}\ni)$
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, $x_{E}^{\pm}(\eta)$ , $\eta$ \xi \pm ( Z-
. \xi ( , $E$ ( $f$ )
(Manin, [Man2] \S 1, \S 2, \S 3, \S 8). [Stl] (2.1)
.
3. $p$ $L$
$E$ $\mathbb{Q}$ modular . $E$ conductor $N$ .
$E$ $P$ good ordinary reduction $(p\{N)$ .
$n\geqq 1$ , $\mu_{p^{n}}$ 1 , $\mu_{P}\infty=\bigcup_{n}\mu_{p^{n}}$ . $\mathbb{Q}_{\infty}$ $\mathbb{Q}(\mu_{P}\infty)$
$\mathbb{Q}$ Galois $\mathbb{Z}_{P}$ – . $\Gamma=\mathrm{G}\mathrm{a}1(\mathbb{Q}_{\infty}/\mathbb{Q})$
. , $\Gamma$ \mbox{\boldmath $\gamma$} 1 . $\overline{\mathbb{Q}}(\subset \mathbb{C})$ $\overline{\mathbb{Q}}_{p}$ 1 fix
.
3.1. $P$ $L$ . , $a_{p}\not\equiv 0\mathrm{m}\mathrm{o}\mathrm{d} p$ , $T^{2}-a_{p}T+p$ $\mathbb{Z}_{p}^{\cross}$
1 , $\alpha$ . $\chi$ Dirichlet . $\chi$
$\overline{\mathbb{Q}}_{P}$ . $\mathcal{O}_{\chi}$ $\mathbb{Z}_{P}$ $\chi$
. $m$ $\chi$ conductor $p$ .
$E$ ( $\chi$ ) $P$ $L$ , .
3.1 ( $[\mathrm{M}- \mathrm{S}\mathrm{D}|$ , [St2] $\mathrm{T}\mathrm{h}’ \mathrm{m}4.4$ ). $f_{E,\chi}(T)\in\underline{1}\mathcal{O}_{\chi}[[T]](\exists c\in \mathbb{Z})$ ,
: $\phi$ $\Gamma$. . Dirichlet –




Rem. $\kappa$ : $\Gammaarrow \mathbb{Z}_{P^{\cross}}$ cyclotomic
$L_{p}(E,\overline{\chi}, s):=f_{E,x}(\kappa(\gamma_{0})S-1-1)$
, $E$ $P$ $L$ .
Rem. , $\chi$ odd, even $\langle$ $f_{E,\chi}(T)\neq 0$ ([Ro]
).
32. . [St2] \S 4 . $f_{E,\chi}(T)$ $p$ $L$
“Stickelberger element” ([Wa] \S 7.2) .
modular symbol . measure . measure
distribution [Wa] Chap. 12 .
$M$ $P$ ,
$\mathbb{Z}_{p,M}:=\lim_{arrow n}\mathbb{Z}/p^{n}M,$ $\mathbb{Z}_{p,M}^{\cross}:=\lim_{arrow n}(\mathbb{Z}/p^{n}M)^{\cross}$
. $\mathbb{Z}_{p,M}^{\cross}$ $\mathrm{G}\mathrm{a}1(\mathbb{Q}(\zeta p^{\infty_{M}})/\mathbb{Q})$ ,
(3.2) $\mathbb{Z}_{p,M}^{\cross}\cong \mathrm{G}\mathrm{a}1(\mathbb{Q}(\zeta pM)/\mathbb{Q})\cross\Gamma$
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. – . $\mathbb{Z}_{p}^{\mathrm{x}_{M}}$, $\mathbb{Q}_{p}$ -valued distribution $\theta_{E,M}^{\pm}$
: $n\geqq 1,$ $a\in \mathbb{Z},$ $(a,pM)=1$ ,
(3.3) $\theta_{E,M}^{\pm}(a+p^{n}M\mathbb{Z}_{P},M):=\alpha^{-}(n-1\alpha X^{\pm}E(\frac{a}{p^{n}M})-X_{E}^{\pm}(\frac{a}{p^{n-1}M})+(1-\alpha)x_{E}^{\pm}(i\infty))$ .
distribution law (2.3) $l=p$ .
( $M$ ) $c\in \mathbb{Z}$ $\theta_{E,M}^{\pm}\text{ ^{}\underline{1}}\mathbb{Z}_{P}$ -valued measure .
, $\psi$ $\mathbb{Z}_{p,M}^{\cross}$ . $\psi$ ( primitive ) Dirichlet
– . $\psi$ ,
(3.4) $f_{E,M,\psi}( \tau):=\int_{\mathbb{Z}_{\mathrm{p},M}^{\cross}}\psi(X)(1+\tau)^{\iota()\mathrm{g}}<x>d\theta \mathrm{S}\mathrm{n}(\psi)(_{X}E,M)$
. $<>$ (3.2) $\Gamma$ projection , $\iota$ , $\iota$ : $\Gammaarrow \mathbb{Z}_{P}$ , $\gamma\in\Gamma$
$\gamma=\gamma_{0}^{\iota\langle}\gamma)$ .






, (2.2), (2.3) , (3.1) .
3.1. $\theta_{E,M}^{\pm}$ $\mathbb{Z}_{P}$-valued($c=1$ . [St2] \S 4 Conj. IV). $\chi$
$f_{E,\chi}(\tau)\in \mathcal{O}[\chi[\tau]]$ .
Rem. $\langle$ (good ordinary ) $P$ . ([St2] $\mathrm{T}\mathrm{h}’ \mathrm{m}4.6$ ) $.$ \S 5
.
4.
41. $fE/K(\tau)$ . $\lambda,$ $\mu$
. $\mathcal{O}$ $\mathbb{Q}_{P}$ . $\pi$ $\mathcal{O}$ . $g(T)=$





, 3.1 . . $K$
. [M-SD] $\mathrm{p}.52$ , $I\mathrm{t}’$ $E$ $P$ $L$ $f_{E/K}(T)$ $\lambda$ ,
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$\mu$ . $I\acute{\mathrm{t}}$ Cl $(E,K)$ .
Cl $(E,K)$ : $S$ $E$ additive reduction . $K$
$S$ , $E$ additive reduction .




. $\chi$ $\mathrm{G}\mathrm{a}1(K/\mathbb{Q})$ . $\mathbb{Z}_{p}[[T]|$ . ,
$Ic_{\cap}\mathbb{Q}_{\infty}\neq \mathbb{Q}$ $n$ $[I\acute{\mathrm{t}}\cap \mathbb{Q}_{\infty} : \mathbb{Q}]=p^{n}$ .
$g((1+T)^{p}n-1)= \prod_{x}f_{E},x(\tau)$
$g(T)\in \mathbb{Z}_{p}[[T]]$ . $fE/K(T):=g(T)$ .
(4.2) $\{$
$\lambda_{E/\mathrm{A}}^{p-L}’$ : $= \lambda_{f_{E}}(T)(/K\sum x^{\lambda_{f(})}E,x=\tau)$ ,
$\mu_{E/}^{p-L}R^{r}$ : $=\mu_{f_{E/K}}(T)$
. \S 7.3 .
42. . $IC$ Cl $(E,K)$ . $L/K$ $P$- , $L$
, Cl $(E,L)$ .
Rem. $p\geqq 5$ , $I\acute{\mathrm{t}}$ Cl $(E,K)$ $L$ Cl $(E,L)$ .
$\lambda_{E/L}^{pL}-,$ $\lambda_{E/\mathrm{A}^{r}}^{p-L}$ (4.2) .
41([Mat]). $\mu_{E/K}^{p-L}=0$ . $\mu_{E/L}^{p-L}=0$
$\lambda_{E/L}^{pL}-=[L_{\infty} : I\acute{\mathrm{t}}_{\infty}]\lambda^{\mathrm{p}L}\prime E^{-}/\mathrm{A}+.\sum_{sw\cdot plit}(e_{L\infty/}K_{\infty}(w)-1)+2.\sum_{dw\cdot goO}(e_{L}/K_{\infty}(\infty w)-1)$
. $e_{L_{\infty}/K}(\infty w)$ , $w$ $L_{\infty}$ $E$ split
multiplicative reduction , 2 $w$ $L_{\infty}$ $P$
$E$ good reduction , $E(L_{\infty,w})\supset E_{P}$ ( $E_{p}$ $p$ )
.
Rem. $\langle$ (good ordinary ) $P\tau^{\backslash }\mu_{E/R}^{p-}’=\mathrm{o}L$ . $([\mathrm{S}\mathrm{t}2]_{\mathrm{P}}. 9.5)$ .
(cf. \S 5).
5.












(2) $p=7,$ $E=37A$ ,





, $t(a)$ $t(a)\equiv\iota(<a>)\mathrm{m}\mathrm{o}\mathrm{d} (p^{n}),$ $0\leqq t(a)<p^{n},$ $\omega_{n}=(1+T)^{p^{n}}-1$ .
$\lambda_{\omega_{n}}=p^{n}$ , $n$ $k$ (5.1) $T^{k}$ $P$
, $k$ $\lambda$ $\mu=0$ . $\theta_{E,m}^{\pm}$ (3.3)
, $x_{E}^{\pm}(a)$ \S 2.1 Manin .
$E$ . ( [M-SD]
) . ,
4.1 . (A) $L/K$ .
$J$
(A) $I\mathrm{t}’$ 2 , $l$ $\iota\equiv 1(p)$ $E$ good reduction ( 1 $\{N$ )
. $M_{l}$ conductor $l$ $\mathbb{Q}$ $p$ cyclic . $L=KM_{l}$ .
(A) , $\lambda_{E/h’}p-L,$ $\lambda_{E/}p-LL$ . (Table 1, Pari-Gp
). 3.1 . $\mu_{E/K}=0$ .
$\bullet$ $p=3,$ $E=X_{0}(11),$ $K=\mathbb{Q}(\sqrt{13}),$ $\mathbb{Q}(\sqrt{19}),$ $0<l<100$ .
$\bullet$ $p=7,$ $E=37A,$ $K=\mathbb{Q}(\sqrt{-11}),$ $\mathbb{Q}(\sqrt{6}),$ $0<l<100$ .
, $37A$ $y^{2}+y=x^{3}-x$ 37 .
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$\lambda_{E//}^{p-L}l\mathrm{i}’,$$\lambda^{p}E-LL$ $\lambda_{E,\chi}$ . $\lambda_{E,\chi}$ $\lambda_{1},$ $\lambda_{\psi}$ ,
$\lambda_{\chi},$ $\lambda_{x\psi}$ . 1 , $\chi$ $I\mathrm{t}^{\Gamma}$ , $\psi$ $M_{l}$
. . $\lambda_{E/\mathrm{A}’}^{p-L}$ ,
$\lambda_{E/L}^{pL}-$ .
$\lambda_{E^{-}}^{pL}=/h’1+x\lambda\lambda,$ $\lambda_{E/L}^{p-L}=\lambda_{1}+(p-1)\lambda\psi+\lambda_{x}+(p-1)\lambda\psi\chi$ .
, 4.1 (A) (5.2)
( $\mu_{E/K}=0p-L$ ). , $g=\#$ { $w.$’primes of $L_{\infty}$ over $l$} . , (5.2)
$E(L_{\infty,w})$ $P$ $a_{l}$ .
(5.2)
$\lambda p-L=pE/Lp\lambda_{E}-L/I\mathrm{t}^{\prime+}\{$
$\chi(l)=-1$ and $a_{l}\equiv\pm 2(p)$
$2(p-1)g$ . .
’ $\chi(l)=0$ or 1, and $a_{l}\equiv 2(p)$ ,
$0$ ... otherwise.
$\lambda_{E/h^{r}}^{pL}-,$ $\lambda_{E/L}^{p-}L$ (5.2) . $P=3,$ $E=X_{0}(11)$ ,
$I\iota’=\mathbb{Q}(\sqrt{13}),$ $l=7$ , $\lambda_{E/h^{r}}^{pL}-=1,$ $\lambda_{E/L}^{pL}-=7$ .- , (5.2) , $\chi(l)=-1$
$a_{l}\equiv$ -2(3) . $g=1$
$\lambda^{p-L}=3\lambda^{pL}-+4E/LE/R’$
. . .
Rem. $\lambda_{1},$ $\lambda_{\psi},$ $\lambda_{\chi},$ $\lambda_{\chi\psi}$ , \S 6 Lem. 62+64 .
6.
. [Mat] . [Si] (Lem.
6.2, Lem. 6.4) , Lem. 6.4 [Si] Hecke
(Lem. 63) . .
Lemma 6.1. $K\subset L\subset M$ $M/K$ $P$- . $M/K,$ $L/K$ ,
$M/L$ 2 4.1 , 1 .
$P$ \dagger [If: $\mathbb{Q}$] .
(i) $L\subset K_{\infty}$
(ii) $p$ \dagger [It’ : $\mathbb{Q}$] $\mathrm{B}^{\mathrm{a}}\cdot \mathcal{D}L\cap I\mathrm{f}_{\infty}=K$
. (ii) . $L’$ $\mathbb{Q}$ $P$- $L=KL’$
. .
$\bullet$ $L’$ $\mathbb{Q}$ $P$ cyclic conductor $l(L’=M\iota)$ . $l$ $K$ conductor
$E$ $l$ good reduction ( $l\{N$ ).
(4.2) .
(61)
$\lambda_{E/h’}^{p-L}$ : $= \sum_{x}\lambda_{E,\chi}$ ,
$\lambda_{E/L}^{p-L}$ : $= \sum_{x\psi x\psi}\sum\lambda_{E},\cdot$
$\chi$
$I\{\mathrm{i}/\mathbb{Q}$ , $\psi$ $L’/\mathbb{Q}$ , $\lambda_{E,\chi}:=\lambda_{f_{E,\chi}(}T$ ), $\lambda_{E,\chi\psi}:=$ \mbox{\boldmath $\lambda$}fE,\mbox{\boldmath $\chi$}ep
. \mbox{\boldmath $\lambda$}E,\mbox{\boldmath $\chi$} $\lambda_{E,\chi\psi}(\psi\neq 1)$ . $\chi$ conductor
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$m$ $\psi$ conductor $l$ , $(m, l)=1$ . (3.5)
$f_{E,x}(T)=f_{E}:^{m,\chi}(T),$ $f_{E,\psi}\chi(T)=fE,ml,\chi\psi(\tau)$ . $\chi$ $\mathbb{Z}_{p,ml}^{\cross}$ ,
(3.4) ,ml\mbox{\boldmath $\chi$}\mbox{\boldmath $\chi$}\mbox{\boldmath $\chi$}(T) . ( $\psi$ even $\mathrm{s}\mathrm{g}\mathrm{n}(x)=\mathrm{s}\mathrm{g}\mathrm{n}(\chi\psi)$
)
$f_{E,ml,\chi}(T)$ $\lambda,$ $\mu$ $\lambda_{E,ml,x},$ $\mu E,ml,\chi$ .
Lemma 62([Si] Prop. 2.1). $\mu_{E,ml,\chi}=0\Leftrightarrow\mu_{E,\chi}\psi=0$.
$\lambda E,m\iota,x=\lambda E,\chi\psi$ .
$\lambda_{E,\chi}$ $\lambda_{E,ml,\chi}$ . . $\varphi$ $\mathbb{Z}_{p,ml}^{\mathrm{x}}arrow \mathbb{Z}_{p,m}^{\cross}$
. \S 2.1 (2.3) .
Lemma 6.3. $U$ $\mathbb{Z}_{p,m}^{\cross}$ open subset .
$\varphi(\theta_{E,m}^{\pm})\iota(U)(:=\theta^{\pm},(Em\iota\varphi-1(U)))=a\iota\theta_{E}^{\pm},(m)U-\theta_{E,m}^{\pm}(l^{-}1U)-\theta E,m\pm(\iota U)$ .
Rem. [$\mathrm{M}- \mathrm{S}\mathrm{D}|$ \S 8 Lem. 2 . $l$ bad
$(l|N)$ ( $(2.3)$ ).
$l$ bad .
$a$ $p^{a+1}|l-1$ . . $\mathfrak{p}$ $\mathcal{O}_{\chi}$ $P$
.
$g_{\chi}(l):=\{$
$0$ $\chi(l)+\chi(\iota)^{-}1\not\equiv a_{l}$ $\mathrm{m}\mathrm{o}\mathrm{d}$ $\mathfrak{p}$ ,
$2a$ $\chi(l)=\pm 1$ and $a\iota\equiv\pm 2$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ ( ),
$a$ otherwise.
Lemma 6.4. $\mu_{E,m}\iota,x=\mu_{E,\chi}l^{\mathrm{a}}\cdot\supset\lambda_{E,ml,x}=\lambda_{E,\chi}+g_{\chi}(l)$ .













$0$ if $E(I\zeta_{\infty},)v\not\supset E_{p}$ ,
$2\neq$ { $I\mathrm{f}\infty$ $l$ } if $E(Ic_{\infty},v)\supset E_{p}$ .
$v$ $I\mathrm{f}_{\infty}$ $l$ (ffi ) , $E_{p}$ $E$ $P$ .
( ). $l$ Frobenius $E_{p}$ $\alpha,$ $\beta\in\overline{\mathrm{F}}_{p}$ . $\alpha+\beta\equiv a_{l}\mathrm{m}\mathrm{o}\mathrm{d} p$
. $l\equiv 1$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ $\beta=\alpha^{-1}$ . $\mathcal{O}$ $\mathbb{Z}_{P}$ 1 $[K : \mathbb{Q}]$
, $\mathfrak{p}’$ . ( $\mathcal{O}\supset \mathcal{O}_{\chi}$ ) $\mathcal{O}/\mathfrak{p}’arrow\overline{\mathrm{F}}_{p}$ –
. $g_{\chi}(l)$
$g_{\chi}(l)\neq 0\Leftrightarrow a\iota\equiv\chi(\iota)+\chi(\iota)^{-}1$ $\mathrm{m}\mathrm{o}\mathrm{d}$
$\mathfrak{p}$
$\Leftrightarrow\alpha=\chi(l)$ or $\chi(l)-1$ in $\overline{\mathrm{F}}_{p}$
$I\mathrm{t}’/\mathbb{Q}$ $l$ $f$ $\chi(l)$ 1 $f$ , $\chi$ $f$
$[I\acute{\mathrm{t}} : \mathbb{Q}]/f$ . ( $f$ $P$ $\chi(l)$ $\mathrm{m}\mathrm{o}\mathrm{d} \mathfrak{p}$ $\overline{\mathrm{F}}_{p}$
$[K:\mathbb{Q}]/f$ ) $\alpha^{f}\neq 1$
$\sum_{\chi}g_{x}(l)=0$ . $\alpha^{f}=1$ $g_{\chi}(l)\neq 0$ $\chi$ \alpha $=\pm 1$ [It’ : $\mathbb{Q}$] $/f$
, $\alpha^{f}\neq\pm 1$ $2[K:\mathbb{Q}]/f$ . $\sum_{\chi}g_{\chi}(l)=2a[I\acute{\mathrm{t}} : \mathbb{Q}]/f$
. $2\neq$ { $I\iota^{\nearrow}\infty$ $l$ } – . $\alpha^{f}=1$ $E(I\acute{\mathrm{t}}_{\infty,v})\supset E_{p}$
. $\alpha^{j}=1$ $[I\mathrm{t}_{v}^{r}(E_{p}) : I\mathrm{t}_{v}’]$ $P$
$I\acute{\mathrm{t}}_{\infty,v}/I\acute{\mathrm{t}}_{v}$
$P$- . ( )
, (6.1) ,
$\lambda_{E/L}^{p-L}=\sum_{\chi}\sum_{\psi}\lambda E,\chi\psi$
$= \sum_{x}\lambda_{E,x}+\sum_{1\psi\neq}(\sum_{x}\lambda E,x.\psi)=\lambda_{E^{-L}}p+\sum/R’\psi\neq 1(\sum\lambda_{E,x\psi})x$





$0$ if $E(I\mathrm{t}_{\infty}’,v)\not\supset E_{p}$
$2\neq$ { $I\mathrm{t}_{\infty}’$ $l$ -\llcorner ,\alpha } if $E(I\mathrm{t}_{\infty}’,v)\supset E_{p}$
$[L_{\infty} : \mathrm{A}_{\infty}’]=p$ . $p$ .
$l$ .
$\#$ { $IC_{\infty}$ $l$ } $=\#$ { $L_{\infty}$ $l$ }
. , $w$ $L_{\infty}$ $l$ , $v$ $I\mathrm{t}_{\infty}’$ , $I\mathrm{t}_{\infty,v}’(E_{p})/R_{\infty,v}’$
, $L_{\infty,v}/I\mathrm{f}_{\infty,v}$ , $E(I\mathrm{f}_{\infty,v})\supset E_{p}$ $E(L_{\infty,v})\supset E_{p}$




, . [Manl], [Ku]
.
. $p$ . $\mathbb{Q}_{\infty}$ \S 3 $\mathbb{Q}$ $\mathbb{Z}_{P}$- . $K$
, $I\acute{\mathrm{t}}_{\infty}=I\mathrm{t}’\mathbb{Q}_{\infty}$ ( $\mathbb{Z}_{P}$- ). $\Gamma:=\mathrm{G}\mathrm{a}1(I\acute{\mathrm{t}}_{\infty}fI\acute{\mathrm{t}})$ . $\Gamma\cong \mathbb{Z}_{p}$
( ) . $n\geqq 0$ , $I\mathrm{f}_{n}$ $I\mathrm{t}_{\infty}’/K$ $[I\mathrm{t}_{n}’ : K]=p^{n}$
- .
$K=\mathrm{A}_{0}’\subset K_{1}\subset I\mathrm{t}_{2}’\subset\cdots\subset I\mathrm{t}_{\infty}’$ , $\bigcup_{n}I\mathrm{t}_{n}’=I\mathrm{t}_{\infty}’$ .
$\Gamma$ \mbox{\boldmath $\gamma$} . $M$ compact $\mathbb{Z}_{P}$-module $\Gamma$




71. $\mathbb{Z}_{p}[[T]]$ . $\mathbb{Z}_{\mathrm{p}}[.[T]]$ ,
. $\mathcal{O}$ $\mathbb{Q}_{P}$ $k$ . $M$
$\mathcal{O}[[T]]- \mathrm{t}_{\mathrm{o}\mathrm{r}}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$ $\mathcal{O}[[\tau]]$ -module . kernel, cokernel $\mathcal{O}[[\tau]]$ -module
([Wa] $\mathrm{T}\mathrm{h}’ \mathrm{m}$ 13.12).
(7.1) $Marrow\oplus_{i}\mathcal{O}[[T]]/(g_{i}(\tau))^{m:}$ .
, $g_{i}(T)$ $\mathcal{O}[[T]]$ , $m_{i}\in \mathbb{Z},$ $\geqq 1$ . $g(T):= \prod_{i}g_{i}(\tau)^{m}$ .
$\mathcal{O}[[T]]$ ideal . $M$ characteristic....
ideal . .
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathcal{O}1]}[T](M)$
., ( $g(T)$ ) (4.1) $\lambda,$ $\mu$
$\lambda_{M}:=\lambda_{g(\tau)},$ $\mu_{M}:=\mu_{\mathit{9}}(T)$




$\lambda_{M}=\dim k(M\otimes \mathit{0}^{k})$ ,
$\mu_{M}=0\Leftrightarrow M\#\mathrm{f}\mathrm{g}\beta \mathrm{f}\mathrm{l}\underline{\prime}$$\mu_{M}=0\Leftrightarrow M$ $\mathcal{O}$-module.
7.2. Selmer . $K$ – , $E$ $I\mathrm{t}’$ - .
, $E$ $K$ $p$ good ordinary reduction .
$F$ $I\mathrm{s}’$ . $0\leqq m\leqq\infty$ $E$ $F$ $p^{m}$ -Selmer ,
$\mathrm{S}\mathrm{e}1_{p^{m}}(E/F):=\mathrm{K}\mathrm{e}\mathrm{r}(H1(F, E_{p}m)arrow\prod_{v}H^{1}(F_{v}, E))$
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. - , $E_{p^{m}}$ $E$ $P^{m}$ . -
$A$ $A_{p^{m}}$ $p^{m}$ kernel $(A_{p^{\infty}}= \bigcup_{mp^{m}}A)$ . $\mathrm{S}\mathrm{e}1_{p^{\infty}}(E/F)$
. $III(E/F)$ Tate-Shafarevich .
$0arrow E(F)\otimes \mathbb{Q}_{p}/\mathbb{Z}_{p}arrow \mathrm{S}\mathrm{e}1_{p^{\infty}}(E/F)arrow III(E/F)_{p^{\infty}}arrow 0$ .
$I\acute{\mathrm{t}}_{\infty}$ $p^{\infty}- \mathrm{s}_{\mathrm{e}}1\mathrm{m}\mathrm{e}\mathrm{r}$ $\mathrm{S}\mathrm{e}1_{p^{\infty}}(E/I\mathrm{t}_{\infty}’)$ . inclusion $E_{p^{m}}arrow E_{p^{m+1}}$
restriction
$\mathrm{S}\mathrm{e}1_{p}\infty(E/I4_{\infty}’)\cong\lim n\lim m\mathrm{s}\mathrm{e}1(arrowarrow p^{m}E/\mathrm{A}_{n}^{r})$
. $\Gamma$ , , Pontrjagin dual
$X_{E/K}:=\mathrm{H}\mathrm{o}\mathrm{m}(\mathrm{s}\mathrm{e}\mathrm{l}\infty p(E/IC_{\infty}), \mathbb{Q}_{p}/\mathbb{Z}_{p})$
$\gamma\in\Gamma$ $\phi\in X_{E/K}$ , $(\gamma\emptyset)(S)=\phi(\gamma^{-1}s)$ , $\Gamma$
compact $\mathbb{Z}_{p}$-module . ,
.
$\mathfrak{X}_{E/K}$ \S 7
$\mathbb{Z}_{P}[[T]]$ -module . ,
7.1 ([Manl] $\mathrm{T}\mathrm{h}’ \mathrm{m}4.5$ ). $\mathfrak{X}_{E/K}$ $\mathbb{Z}_{p}[[T]]$ -module .
.
7.1 (Mazur). $X_{E/K}$ $\mathbb{Z}_{p}[[T]]-\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$ .
Rem. .




$M=X_{E/K}$ , \S 7.1 $\lambda,$ $\mu$ .
(7.3) $\lambda_{E/K}:=\lambda_{X_{E/K}},$ $\mu E/K:=\mu_{X_{E/K}}$
. (7.2) .
(7.4) $\{$
$\mu_{E/K}=0$ $\Leftrightarrow \mathrm{S}\mathrm{e}1_{p}\infty(E/I\mathrm{f}_{\infty})\# 3\mathrm{i}$ cofinitely generated $\mathbb{Z}_{p}$-module.
$\mu_{E/K}=0$ $\lambda E/K=\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathbb{Z}\mathrm{s}_{\mathrm{e}\iota}p^{\infty(}pE/I\mathrm{t}_{\infty}’$).
Rem. $I\mathrm{t}_{n}’$ II , $\mathrm{S}\mathrm{e}1_{p}\infty(E/IC_{n})$
$\mathbb{Z}_{P}$-corank $E(I\zeta_{n})$ rank – . , $\mathrm{S}\mathrm{e}1_{p}\infty(E/I\iota_{\infty}’)$
$\mathbb{Z}_{P}$-corank $(=arrow\lambda_{E/K})$ $E(IC_{\infty})$ rank . (III
)
73. . $K$ $E$ $\mathbb{Q}$ modular
. \S 4.1 “ ” $P$ $L$ $fE/K(T)$ .
“ ” $\mathfrak{X}_{E/K}$ . .




(7.5) $\lambda_{E/K}=\lambda_{E/R}p-L’,$ $\mu E/K=\mu_{E^{-}}^{pL}/R’$ .
$\mathfrak{X}_{E/K}$ : $I\mathrm{t}’$ first kind (conductor $P^{2}$ ) ,
$\chi$
$\mathrm{G}\mathrm{a}1(IC/\mathbb{Q})$ . $\mathrm{S}\mathrm{e}1_{p}\infty(E/K)$ $\triangle$ $X_{E/K}$ (
$\Gamma$ ) $\triangle$-module . $X_{E/K}$ \mbox{\boldmath $\chi$}-quOtient
$(\mathfrak{X}_{E/K})x:=^{x\otimes]}E/K\mathbb{Z}[p\Delta \mathcal{O}_{x}$
( $\mathcal{O}_{\chi}$ $\chi$ $\mathbb{Z}_{p}[\triangle]$-module ) $\mathcal{O}_{\chi}[[T]]$ -module . [If : $\mathbb{Q}$]
$p$ $(\mathfrak{X}_{E/K})_{\cross}$
$\mathbb{Z}_{p}[[T]]$ -module .
73( , [M-SD] \S 9 conj. 3). $\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{O_{\chi}1[}\tau$ ]] $((\mathfrak{X}_{E/}K)x)=(f_{E,\chi}(T))$ .
73 $\chi$ 72 .
Rem. , .
$\mathrm{c}\mathrm{h}\mathrm{a}\mathrm{r}_{\mathcal{O}_{\chi}}1[\tau 1]((\mathfrak{X}_{E/}K)x)\ni p^{n}fE,\chi(\tau)$ $(\exists n)$ .
8.
$K$ – , $E$ $I\mathrm{t}’$ . $L/K$ Galois P-
$\mathrm{C}2(E,L/K)$ .
$\mathrm{C}2(E,L/K)$ : $S$ $E$ additive reduction $I\mathrm{t}’$ .
$L$ $S$ , $E$ additive reduction .
Rem. reduction tyPe . $p\geqq 5$ $L$
$\mathrm{C}2(E,L/K)$ . $E$ semi-stable $L/K$ $\mathrm{C}2(E,L/K)$
. , $L/K$ additive prime .
$E$ $L$ , \S 7.2 $I\mathrm{t}’$ $L$ $\mathfrak{X}_{E/L}$
, $\mathrm{G}\mathrm{a}1(L_{\infty}/L)$ $\mathbb{Z}_{P}[[T]]$ -module , $\lambda_{E/L,\mu_{E/L}}$ (7.3)
.
8.1 $([\mathrm{H}\mathrm{M}])‘ \mathfrak{X}_{E/K}$ $\mathbb{Z}_{p}[[T||$ -torsion $\mu E/K=0$ . $X_{E/L}$
$\mathbb{Z}_{p}[[T]]- \mathrm{t}\mathrm{o}\mathrm{r}\mathrm{S}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ $\mu_{E/L}=0$ .
$\lambda_{E/L}=[L_{\infty} : I\mathrm{t}’\infty]\lambda E/K+.\sum_{sw\cdot p\iota it}(eL_{\infty}/K_{\infty}(w)-1)+2.\sum(e_{L}/K_{\infty}(\infty w)-1)w\cdot good$
. $e_{L_{\infty}/\mathrm{A}_{\infty}’}(w)$ , $w$ $L_{\infty}$ $E$ split
multiplicative reduction , 2 $w$ $L_{\infty}$ $P$
$E$ good reduction , $E(L_{\infty,w})\supset E_{P}$ ( $E_{p}$ $P$ )
.
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Rem. $K,$ $L$ $E$ $\mathbb{Q}$ modular , 8.1
41 – . 72 (7.5)
, .
Rem. $K$ $E$ $\mathbb{Q}$ modular ,
, $\mu E/K=\mu_{E/R}^{pL}’-$ , 4.1 Rem. ,
(good ordinary ) $p$ $\mu_{E/K}=0$ . $\{$
9.
. [HM] .
9.1. . , . $F$ . $S$ $F$
$P$ . $F$ $F’$
$S$ $S(F’)$ . $F_{S}$ $F$ $S$ .
$F_{\infty}\subset F_{S}(=F_{\infty},s(F_{\infty}))$ .
9.1 (cohomological dimension).
(i) ([Hab] Prop. 7) $\mathrm{c}\mathrm{d}_{p}(\mathrm{G}\mathrm{a}1(Fs/F_{\infty}))\leqq 2$ .
(ii) (cf. [Se] Chap. II) $v$ $F_{\infty}$ . $\mathrm{c}\mathrm{d}_{p}(\mathrm{G}\mathrm{a}1(\overline{F}_{\infty},v/F_{\infty,v}))=1$.
$E$ $F$ . $F_{\infty}$ $P$ .
92 $([{\rm Im}])$ . $E(F_{\infty})_{\mathrm{P}}\infty$ .
Tate local duality .
9.3 ( $[\mathrm{M}\mathrm{a}\mathrm{n}\mathrm{l}]_{\mathrm{P}}.34$ , [Se] Chap II Prop. 16). $v$ $F$ , $v|l$
.
$E(F_{v})\cong \mathbb{Z}^{[}\iota^{F_{v}}:\mathbb{Q}l]\oplus(\mathrm{f}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{t}\mathrm{e})$ , $H^{2}(F_{v}, E)=0$ .
$S$ $E$ bad reduction .
$0 arrow \mathrm{S}\mathrm{e}1_{p^{\infty}}(E/F_{\infty})arrow H^{1}(F_{S/F_{\infty}}, E_{p^{\infty}})arrow\prod_{F_{\infty}}\varphi 1(HF\infty,v’ E)_{p^{\infty}}v\in^{s}()$
. , .
94([Pe] Prop 46). 7.1 ( $\mathfrak{X}_{E/F}$ $\mathbb{Z}_{p}[[T]]$ -torsion) , $\varphi$
. H2(Fs/F\infty ’Ep\infty ) $=0$ .
92. . [Iw2] Herbrand
. CM [Mi] . (\S 10 Rem.
). , , Selmer ( )
( ) $\langle$ , [Iw2], [Mi] .
.
Lemma 9.1. $K\subset L\subset M$ $M/K$ $P$- . $M/K,$ $L/K,$ $M/L$
2 8.1 , 1 .
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$L/K$ $P$ cyclic . $L\subset \mathrm{A}_{\infty}’$ $L_{\infty}=I\mathrm{f}_{\infty}$
, $\mathfrak{X}_{E/L}=X_{E/K}$ , $\lambda_{E/L}=\lambda_{E/K}$ , $\mu E/L=p\mu E/K$ , .
$L\cap I\mathrm{t}_{\infty}’=K$ . $G:=\mathrm{G}\mathrm{a}1(L_{\infty}/I\mathrm{t}_{\infty}’)$ . $G\cong \mathbb{Z}/p$ . $S$
$I\mathrm{t}’$ , $P$ , $E$ bad reduction ,
$L/I\dot{C}$ . $I\mathrm{t}_{S}’\supset L_{\infty}$ , $L_{S\langle L)}=\Lambda’s$
. $\mathrm{S}\mathrm{e}1_{p}\infty(E/L_{\infty})$ $G$ .
. .




$H^{i}(G, E(L_{\infty})p^{\infty)}(i=1,2),$ $H^{1}(\mathrm{G}\mathrm{a}1(L_{\infty,w}/I\acute{\mathrm{t}}_{\infty},v),$ $E(L_{\infty},w))(\forall v\in S(I\mathrm{f})\infty)$
.
Lem 92, Lem 93 Rem. . .
Cororally 9.1. $\mathfrak{X}_{E/K^{\text{ }}}\dot{\mathbb{Z}}_{p}[[T]]$-torsion $\mu_{E/K}=0$ . $\mathfrak{X}_{E/L}$
$\mathbb{Z}_{p}[[T]]$ -torsion $\mu_{E/L}=0$ .
$\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathbb{Z}p(\mathrm{s}_{\mathrm{e}}1_{p^{\infty}}(E/L_{\infty})^{G})=\lambda_{E/K}$.
Proof. \S 7 (7.4) , “ $\mathfrak{X}_{E/K}$ $\mathbb{Z}_{p}[[T]]- \mathrm{t}_{0}\mathrm{r}\mathrm{S}\mathrm{i}\mathrm{o}\mathrm{n}$ $\mu_{E/K}=0$” $\mathrm{S}\mathrm{e}1_{p^{\infty}}(E/I\mathrm{t}_{\infty}’)$ $\mathbb{Z}_{p^{-}}$
cofinitely generated . Prop. $\mathrm{S}\mathrm{e}1_{p^{\infty}}(E/L_{\infty})^{G}$
, $(\mathfrak{X}_{E/L})_{G}$ (G-coinvariant) $\mathbb{Z}_{p}- \mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{e}$ . $\mathfrak{X}_{E/L}$
$\mathbb{Z}_{p}[G]$-module . ( $\mathbb{Z}_{p}[G]$ compact compact $X_{E/L}$
. compact “Nakayama lemma” .
$[\mathrm{W}\mathrm{a}],\mathrm{L}\mathrm{e}\mathrm{m}$ . 13.16 ) $\mathfrak{X}_{E/L}$ $\mathbb{Z}_{P}$-module. (7.2)
$\mathfrak{X}_{E/L}$ $\mathbb{Z}_{p}[[T]]-\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{s}\mathrm{i}\mathrm{o}\mathrm{n}$ $\mu_{E/L}=0$ . $(7.4)$ $\lambda_{E/K}=\mathrm{C}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathbb{Z}(p\mathrm{S}\mathrm{e}1_{p}\infty(E/I\mathrm{t}_{\infty})r)$
.
’
. $M$ cofifinitely generated $\mathbb{Z}_{p}$-module $G$
. $\alpha,$ $\beta,$ $\gamma$ cokernel (cf.
$[\mathrm{I}\mathrm{w}2]_{\mathrm{P}},$ . $285$ ).
(9.1) $Marrow(\mathbb{Q}_{p}/\mathbb{Z}_{p})^{\alpha}\oplus(\mathbb{Q}p/\mathbb{Z}_{p})[G]^{\beta}\oplus(I_{G})^{\gamma}$ .
$I_{G}$ $\mathbb{Z}_{p}[G|$ augumentation ideal Pontrjagin dual . .
$\alpha+\beta=\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathbb{Z}_{p}MG,$ $\gamma-\alpha=h(M)$ .





. $M=\mathrm{S}\mathrm{e}1_{p}\infty(E/L)\infty$ , $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathbb{Z}_{p}(M)=\lambda_{E/L}$
, Cor. 9.1 $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}\mathbb{Z}_{\mathrm{p}}M^{G}=\lambda E/K$ . $h(M)$ .
, 94
$0 arrow \mathrm{S}\mathrm{e}1_{p^{\infty(/)}}EL_{\infty}arrow H^{1}(I\acute{\mathrm{t}}s/L_{\infty}, E)p^{\infty}arrow v\in S(\mathrm{A}’\prod_{)\infty}(\prod H1(L_{\infty},\cdot w’ E)w|vp^{\infty)}arrow 0$
. , $S$ Prop. 9.1 . $S(R_{\infty}’)$
.
. ,
$h(. \mathrm{S}\mathrm{e}1_{p^{\infty(E’}}/L\infty))=h(H^{1}(ICS/L\infty’ E_{p}\infty).)-v\in S\{\sum_{\infty}R’)h.(\prod_{w1v}H1.(L_{\infty,w}, E)_{\mathrm{P}^{\infty)}}$
( ) . .
9.3. Herbrand .
93.1. global part.
Lemma 9.2. $H^{i}(G, H^{1}(IcS/LE_{P^{\infty}}\infty’))(i=1,2)$ , $h(H^{1}(I\mathrm{f}S/L_{\infty}, E_{p}\infty))=0$ .
Proof. 9.1, 9.4 $H$“ $(I\mathrm{t}_{S}’/L_{\infty}, E_{p^{\infty}})=H^{i}(I\zeta_{S}/I\mathrm{t}_{\infty}’, E_{p^{\infty}})=0(i\geqq 2)$ .
Hochschild-Serre spectral sequence ( $[\mathrm{I}_{\mathrm{W}}2]$ p.282 )
$H$“ $(G, H^{1}(\mathrm{A}_{S}’/LE\infty\infty’ p))\cong Hi(G, E(L)_{p^{\infty)}}\infty$ .
92 , $h(E(L_{\infty})p^{\infty)}=0$ .
9.3.2. local part I. local . $v\in S(I\iota_{\infty})$’ $L_{\infty}/I1_{\infty}^{r}$
$L_{\infty,w}=I\acute{\mathrm{t}}_{\infty,v}$ . $H$“( $G,$ $\prod_{w1v}H1(L_{\infty},w’ E)_{p^{\infty)}}=0$ .
. $w$ $L_{\infty,w}$ $v$ – . $G=\mathrm{G}\mathrm{a}1(L_{\infty,w}/I\mathrm{c}_{\infty,v}’)$
. $p$ . $v$ $L_{\infty}/I\mathrm{t}_{\infty}’$
. ,
(9.3) $H^{1}(L_{\infty,w}, E)_{p^{\infty}}\cong H^{1}(LE\infty,w’ p\infty)$
( $v$ \dagger $p$ 9.3 ). 9.1 (ii) Hochschild-Serre
(94) $H^{i}(G, H^{1}(LE\infty)\infty,w’ p)\cong H^{i}(G, E(L_{\infty,w})_{p^{\infty}})$
. .
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Proposition 9.2. $l\neq P$ , $[F_{v} : \mathbb{Q}\iota]<\infty$ . $\mu_{p}$ . $F_{v,\infty}$ $:=$
$F_{v}(\mu_{p^{\infty}})$ (Fv,\infty / $\mathbb{Z}_{P}$- ). $E/F_{v}$ . E( )\cap Ep $=0$
$E(F_{v,\infty})_{P}\infty=0$ . ,
$E(F_{v,\infty})_{\mathrm{P}}\infty\cong\{$
$(\mathbb{Q}_{p}/\mathbb{Z}_{p})^{2}$ $E$ good reduction ,
$\mathbb{Q}_{P}/\mathbb{Z}_{p}\oplus$ (finite) $E$ split multiplicative reduction ,
(finite) .
Rem. split multiplicative $E(F_{v})\cap E_{p}\neq 0$ .
Proof. E( )\cap Ep $=0$ ,\infty /Fv $P$- ($p$- , [Manl] Lem
35 ). . good reduction . ,n
$n$ . $F_{v,\infty}/F_{v}$ norm map $E$ ( $F_{v}$ ,n+l)\rightarrow E( ,\mapsto
([Manl] $\mathrm{P}$ . 32). $l\neq p$ , 93 , $E(F_{v,n+1})_{p}\infty$ \rightarrow E( ,n)p-
. $-\dot{\tau}$ E( ,\infty )p\infty . $m$ $n$ $E(F_{v,n})_{p}\infty$
$p^{m}$ . $\mathrm{G}\mathrm{a}1(\overline{F}_{v}/F_{v,n})$ $E_{p^{m}}$
. $n$ $m$ $F_{v,n}\supset\mu_{p^{m}}$ $d(\sigma)\equiv 1$
. . $m$ ’\infty /Fv $P$- $.b(\sigma).\equiv 0\square$. $E(F_{v,\infty})\supset E_{p^{m}}$ . $m$
$v\{p$ , $L_{w}/I\mathrm{t}_{v}’$ , $L_{w}\supset I\mathrm{t}_{v}’\supset\mu_{p}$ . $I\mathrm{t}_{\infty,v}’=\mathrm{A}_{v}’(\mu p^{\infty})$,




$-2$ $E(L_{\infty,w})\supset E_{p},$ $w\mathrm{T}$ good,
$-1$ $w-\tau^{\backslash }$ split multiplicative,
$|0$ .
9.3.3. local part H. $v$ . $L_{\infty}/I\mathrm{t}_{\infty}’$
. $G$ $p$ , $H^{i}(G, H^{1}(L_{\infty,w}, E)p\infty)=H^{i}(G, H^{1}(L\infty,w’ E))$ .
9.1, 9.3 Hochschild-Serre ,
(9.6) $H^{i}(G, H^{1}(L_{\infty,w}, E))\cong H^{i}(G, E(L_{\infty,w}))(i=1,2)$
. $[\mathrm{C}\mathrm{o}\mathrm{G}\mathrm{r}]\mathrm{T}\mathrm{h}’ \mathrm{m}3.1$ key .
Lemma 93. $v|p$ $H^{i}(G, E(L_{\infty,w}))$ . $h(E(L_{\infty,w}))=0$ .
Rem. $v(p$ , (9.3), (9.4), (9.6)
$H^{1}(G, E(L_{\infty,w}))\cong H1(G, E(L_{\infty},)_{p^{\infty}}w)$ .
\S 9.3.2 .
60
94. . Lemma 92, (9.5), Lemma 93 , $L_{\infty}/I\acute{\mathrm{t}}_{\infty}$
, .
$h(\mathrm{S}\mathrm{e}1_{p}\infty(E/L_{\infty}))=-$ $\sum$ $h(H^{1}(L_{\infty},, E)w)$
$v\in S(K_{\infty}),L\infty$
$=2\#\{w\in S(L_{\infty})$ : $w$ { $p,$ $L_{\infty}/I\acute{\mathrm{t}}_{\infty}$ , good, $E(L_{\infty,w})\supset E_{p}$ }
$+\#$ { $w\in S(L\infty):L_{\infty}/I\mathrm{f}_{\infty}$ , split mult.}.
$P$ (9.2) $M=\mathrm{S}\mathrm{e}1_{p}\infty(E/L_{\infty})$ Cor. 9.1
, 8.1 . .
10. Some Remarks
Rem. $E(K)_{p}=0$ . , $\mathrm{S}\mathrm{e}1_{p}\infty(E/L_{\infty})$ $\mathbb{Z}_{p^{-}}$
cofree . (9.1) . (9.1)
$\alpha=0$ , $\mathbb{Z}_{p}[G]$-module .
Rem. - $p$ , Greenberg Selmer ([Gre] $\mathrm{P}$ . 98)
\S 9.2 . \S 9.3 local
, 8.1
. , ( 1.1) .
.
Rem. , CM , CM
, [Win], [Mi] Selmer
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